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OTOoT naparpa¢ IMOCBSIIEeH PallMOHAJbHBIM ypaBHEHHUAM. [TOCKONBKY
1leJIble YPaBHEHHSA TOXKE SIBJIAIOTCS PallMOHAJbHBIMH, TO YaCTO, YTOOBI He
BO3HHMKJIO NyTaHHIIbI, BMECTO CJIOBOCOYETAHUA «pallHOHAJIbHbIE YpaBHe-
HHA» UCIOJb3YIOT CJIOBOCOYETaHHE «APOOHO-pallMOHA/IbHbIE YPaBHEHUM».
Mmbi 6yzeM HCII0b30BaTh 00a cioBocoyeTaHWA. OCHOBHAsA HUjes pellleHUus
moboro BoobOllle, B TOM 4YHCJIe H JpO6HO-pallHOHAILHOTO, YPaBHEHHUA —
CBeJIéHHE ero K OAHOMY WJIH HECKOJbKHM IpocTeMmuM. HamoMHuUM, 4TO
119 ApOOHO-pallHOHAIbHBIX YPaBHEHUH MO NPOCTEHITUMU MOHHMAaIOTCSA

ypaBHEHHMA BHJA g—g—i =0, rae f(x) u g(x) — MHOrowIeHbI NNEPBON WIH

BTOPOM CTEMEeHU. DTH YPaBHEHHUS PElIAIOTCA C IOMOIIBIO YCJIOBUA paBeH-
cTBa ajrebpandeckoii Apobu Hym0: Apobb paBHaA HY/IO, €CIIH €€ YHCIIH-
TeJib paBEH HyJII0, a 3HAMEeHaTe/Ib UMeeT CMBICJI M He obpailiaeTcs B HyJb.

PellleHHe MHOTHMX pallMOHAJbHBIX YPaBHEHHHA OCHOBaHO Ha YAAa4HOM
TPYNIIHPOBKE M MOCJEAYIONIEM NPUBEJEHHUM CTPYNIIHPOBAHHBIX CJiarae-
MBIX K 0ob1ieMy 3HaMeHaTen0. B 6ojiee MpOCTHIX CIy4YasiX TPyNIHPOBKa
He TpebyeTcs, a MHOIJA yYpPaBHEHHE MOXXHO YMPOCTUTb, BBEAS HOBYIO
nepeMeHHy10. [IpH pellleHHH pallMOHaIbHbIX YPaBHEHUH BO3HHUKAET oIac-
HOCTb IOJIy4eHUA ITOCTOPOHHHUX pellleHHH, Mo3ToMy Jubo cieayeT AenaTh
IIpPOBEPKY, JUOO yka3blBaTh HeOO6XoAWMble OrpaHHYEHHUS U CIeAUTh 3a
HX BBHINIOJIHEHHMEM B XOZe pelleHHA. PasymeeTcs, NpH pelleHUH pallUo-
HaJbHBIX YPaBHEHHH HCITONb3YIOTCA M Takue oO6liue MeTOAbl pelleHHA
YpaBHEHH, KaK 3aMeHa NepeMeHHOM, pa3/ioXeHHe Ha MHOXHUTEJH, HC-
II0/Ib30BaHHUE CBOMCTB MOHOTOHHOCTH U OI’PaHH4Y€HHOCTH QYHKLIMH U T. II.

1. Axre6panyeckue npeobpa3oBaHus

OAHUM K3 OCHOBHBHIX CITOCOOOB CBeJleHUSl YPAaBHEHHA K OAHOMY WIH
HECKOJIbKMM TNPOCTEHIINM ABJAIOTCA aarebpanyeckue npeobpa3oBaHHA
OZHOI WM 06erx ero yacTeu, MO3BOJAOIINE CBECTH APOOHO-paliIOHAIb-
HOe ypaBHEHHE K IleJIoMYy. B HEKOTOPBIX C/ly4adx AJIA pelIeHUusA palHo-
HaJIbHBIX YpaBHEHUH NMPUXOAMTCA MPHUMEHATh UCKYCCTBEHHEIE MPHEMBI:
AobaBsieHHe U BBIYMUTAaHHE OAHOT'O M TOTO XK€ YMUCJIa U T. II.

Ycnosue pasencmea dpobu Hyno

B xayecTBe nepBOro nNpruMepa paCCMOTPUM pellleHHe ypaBHeHuA 3 ya-
cTH | BBOJHOM AMarHOCTHYECKOH paboTHI.
IIpumep 1. Pemnte ypaBHeHUe
x?—4x>+4x3-7x—-2
x” —4x°>+3x2—-4x—-4

1.




[image: image2.png]Pemenne. /Ipo6b paBHA HY/IIO, €CJIM €€ YUCIUTEb PaBeH HY/IO, a 3Ha-
MeHaTeJIb UMeeT CMEICJI U He obpaiaeTcs B Hy/b. [lepeiiieM K COOTBET-
CTByIOILIEM cucTeMe:

x' —4x5+4x* —7x -2
x7—4x5+3x2-4x -4
x” —4x>+4x* - 7x — 2 = x” — 4x° + 3x* — 4x — 4,
= 2

x"—4x>4+3x*—4x—-4+#0

x2-3x+2=0,
= 5 2

x"—4x>+3x*—4x—-4 #£0.

=1 &

—

KopHsAMH ypaBHeHHA x2 — 3x +2 =0 apasorea x =1 1 x =2. C nomo-
II[bIO NIPOBEPKH YCTaHABIMBAEM, YTO HEPaBEeHCTBY X/ — 4x° + 3x2% — 4x —
— 4 #0 yzoBieTBOpAET TONMBKO X =1.

Omeem: 1.

PagrocunwvHble npeobpa3osanus

B KayecTBe IepBoOro IpuMepa pacCMOTPHM pellleHHe YpaBHeHHA 4

yacTH I BBOAHOI AMarHocTH4Yeckoit paboThl.
2 xX—5 1

—2x—3  x2-1 x2-4x+3°

PemeHue. Pa3ioxuMm KBajpaTHble TpeXwIeHbl B 3HaMeHaTesAX APo-
6eit Ha MHOXHUTeau. KopHAMHM ypaBHeHHsA x2 — 2x — 3 = 0 ABIAIOTCA
x =—1 u x=3. CirefoBaTeJbLHO, II0 TEOpEME O Pa30XKeHHUH KBaAPaTHOIO
TpeXwIeHa Ha MHOXHTeJIH NoiydaeM, 4to x> — 2x — 3 = (x + 1) (x — 3).
[Io ¢opmyne pa3HOCTH KBaJpaTOB x2—1=(0—-D(x+1). KopHamu
yPaBHEHHUA x2—4x+3=0 apasoTca x=1 u x =3. CienoBaTeyIbHO, I10
TeopeMe O pa3jIoKEHUH KBapaTHOrO TpeXwieHa Ha MHOXXUTeIH

x?—4x+3=(x-1)(x-3).

IIpumMmep 2. Pemiurte ypaBHeHUE 22

Terniepb ypaBHeHHE MOXKHO IE€peNnucaTh B BUAE

2 + X—95 _ 1
c+D(x-3) " (x-1D0+1) (=D (x-3)
[lepeHeceM Bce cjlaraeMblie B JIEBYIO YaCTh U NMPHBEJEM HX K 06IeMy
3HaMeHaTeJIlo:
2 + xX—95 _ 1
(x+D(x-3)  (x—D0+1) (-1 (x-3)
2c—1)+(x-5)(x—-3)—(x+1)

A x+Dx-3)x-1 =0.

—





[image: image3.png]PackpoeM cKOOKM B YHMCJIUTEJIe, IIPHBEEM ITOA06HBIE M BOCIIO/Ib3yeMCA
ycaoBHeM obpallieHHA ApobU B HYJb:

2c-D+((x—-5)(x-3)—-(x+1)

G+ DGE-30x-D =0 =
2x—2+x>—3x—5x+15—x—-1 _
= (x+1)(x-3)(x-1) =0 <
- X2 —7x+12 —0 x2—7x+12=0,
(x+D(x-3)(x-1) (x—1)(x+1)(x—3) #0.

KopHAMH ypaBHeHHA x2 — 7x + 12 =0 saBasioTca x =3 u x =4. Hepa-
BEHCTBY CUCTEMbI YAOBJIETBOPAET TONLKO X =4,

Omeem: x =4.

Ilepexo0 k ypasHeHUur-c1edcmauio

1
1 =4x.

1
C1-—x2
Pemenrie. B gaHHOM ciydae Hellejlecoo6pa3HO TpaTHUTh BpeMs Ha
BHIITMCBIBAHHE YCJIOBUM CyllleCTBOBaHUA JIEBOM YacTH ypaBHeHHMA. [Ipoiie

npeobpa3oBaTh ee, HAUTH KOPHH H BHINOJIHUTb MPOBEPKY. BHINMOIHUM
npeobpa3oBaHUA JIeBOM YaCTH ypaBHEHUA:

[Ipumep 3. Pemunte ypaBHeHUE
1-—

1

1 . 1 . 1 .
1 — 1 1 —
1- ~ 1+
__1 1-x*—1 x?
1—x? 1—x2 1—x2
1 1 1 9
= = = — =X
14 1=x x+1-x? 1
+ x2 2 x2

[lepeiiieM K ypaBHEHHUIO-CJIE€ACTBUIO: x? = 4x, orkyzaa x? — 4x =0,
x(x —4) =0, u, 3HauuT, x =0 a1b0 x = 4. [IpoBepkoit ybexxgaemca, 4TO
KopeHb X =0 ABJIAETCA NOCTOPOHHUM (IpU X =0 JieBasd 4acTh ypaBHEHUSA
He oIlpejesieHa).

Omeem: x =4.

PasnoxnceHue Ha MHOXUMeENU

x? X _
IIpumep 4. PemmTe ypaBHeHHe L — + 2- Z_a +3=0.




[image: image4.png]Pemienue. [leperpynnupyem ciaraemsle, peAacTaBUB 3 B BUZl€ CYMMBI
1+ 2, u ciioxum nepsyto Apobs ¢ 1, a BTopylo — ¢ 2:

2

X X _
x*+x—4 _ x*+x—4 x*+x—4 _
S 2 +2( +1)—0=> ~—4 T2 Z—4 =0.

BeiHeceM 3a CKOOKYy oOmuii MHOXHTEIb U NpHBeAeM Apobu B ckobkax
K ob1ieMy 3HaMeHaTeJlio:

x2+x—4 x>+ x—4 2\ _
T XA o0 o (- (gt g ) =0 ©
& (4 x— 4)(x 4+ 24)=0 =
—4+2x—-8
& (24 x— 4) (2 —4) =0 &
(x2+x—4)(x?+2x—12) —0
(x —4)(x2—4) RS
Bocrnonb3ayemca ycioBueM obpaiiieHHA ApobH B HYJIb:
(?+x—4)(x*+2x-12)
x-Di-a 0
5 5 x*+x—-4=0,
(x“+x—4)(x“+2x—12) = .
5 x“+2x—12 =0,
(x—4)(x*—4) #0

(x—4)(x*—4) #0.
-1-+v17

KopHaAMH ypaBHeHHA X2 + x — 4 =0 ABAIOTCA X = > U X=

—1+ /17
- 2

U x =—1+ v13. HepaBeHCTBy cHUCTEeMBI YAOBJETBOPAIOT BCE YETHIpE
KOpPHA.

Omeem: —1= ‘/— _1+2‘/— —v13; -1+ /13

. KopaaMu ypaBHeHus x%+2x—12=0 apnsaoTed x=—1—+/13

2. 3aMeHa IlepeMeHHOH

CBezieHHe Jpo6HO-pallHOHAJILHOTO YPaBHEHHA K OZHOMY MJIM HECKOJIb-
KMM IIPOCTEHMIINM C ITIOMOIbIO 3aMEeHbl IepEMEHHOM ABNAETCA OAHUM U3
caMbIX pacClpOCTPaHEeHHBIX CIIOCO60B UX pellleHUA. 34eCh, KaK U B clIy4dae
11eJIbIX YPaBHEHUH, IPUXOAUTCA UMETh AeJI0 C CaMbIMHU pa3HbIMHU TUIIaMHU
ypaBHEHMI: TpeXWIeHHbIMH, OAHOPOAHBIMU U T. II.




[image: image5.png]IIpumep 1. Pemute ypaBHEHHE ( n 1) +5 (x 1) 36=0.

2
Pemrenue. IlycThb (x—z_:_c—l) =t. Torga t 2 0 U ypaBHeHHE TIPUMET BU/,

t? + 5t — 36 = 0. KopHAMH MOC/IeIHeT0 ypaBHEHHUA ABJIAIOTCA YUCIa t = —9
U t =4, U3 KOTOPHIX TOJBKO MOCJIefHEe yAOBJIETBOPAET yCIoBUIO t = 0.

2
HUtak, t =4. Caenaem obpaTHYIO 3aMeHY: (x?‘%) =4, oTKyAa ;2_:_(—1 =2,

2x 2x .
6o o —2. YpaBHeHHUe o = 2 KOpPHE! He UMeeT, a €JUHCTBEH-
HBIM KOPHEM ypaBHEHUA 2_{_1 —2 asiseTca x = —0,5.

Omeem: —0,5.

IIpumep 2. PelinTe ypaBHEeHHUE x22+ Sx + 2 X
x2—-x+2  x?-2x+2
Peinenue. 1. [IpoBepka nokaswiBaeT, YTO YUCIO X =0 ABIAETCA KOP-
HEM YpaBHEHMU.
2. Ilycth x # 0. Pa3genuM YUCJIMTENb W 3HaMeHaTelb KaXAoH Jpobu

=1.

x+3+g 1
Ha X. YpaBHeHHe INpUMET BUA: > + 7 = 1. O603HaYMM:
x—1+= x—2+—
X
z2=x+ % — 2. [loyyuM ypaBHEHHUe zi? + = =1. [lepeHeceM Bce ciara-

eMble B JIEBYIO YaCTh YpaBHEHHA, IIpUBeJEM PIX K ob1eMy 3HaMeHaTeJIIo,
BBIIIOJIHUM Heob6xoguMble Npeobpa3oBaHUA U PelIMM ypaBHEHHE:

z2+5 , 1 (z+5)z z+1 z(z+1)
z+1+z =l (z+1)z+z(z+1) z(z+1) =0 <
z22+5z+z+1—-2°2—2 52+1 1
= 2+ 1) —O@z(z_'_l)—O(:»z_—S.

BepHeMcs K Npe)xHEH NepeMeHHOM:

2_,__1 2_9_ 2_ _
x+x 2 = 5@x+x S—O@Sx O9x+10=0.

JIMCKPYMMHAHT ypaBHeHMA 5x2 — 9x + 10 =0 MeHbllIe Hy/A, TI03TOMY
ypaBHEHHE He MMeeT HH OAHOro KopHa. MTak, HM ofHO 4YHCIO X # 0 He
ABJIAETCA KOPHEM YPaBHEHHMS.

Omeem: 0.
IIpumMmep 3. Pemute ypaBHeHUe

x+ 372 x2—9 x—3\2 _
(x—_l) +14- 522 —15(x—+1) = 0.




[image: image6.png]Pemenue. 1. Yucno x =3 He HBJIHeTCH KOpHeM ypaBHEHUA.

2. Ilyctb x # 3. O603HauYuM a = b= =——=. [losy4ynM ypaBHeHHE

X — 1 ? x+1

a? + 14ab — 15b% = 0. TMockonbky x # 3, To b # 0. B cwiy Toro, 4ToO

b # 0, MOXXKHO pa3zenuTb obe yacTH ypaBHeHmI a? + 14ab — 15b* =0
2 .

Ha b?: (%) +14- % — 15=0. O603HauuB 2 = 5’ MOJIYYUM ypaBHEHUE

z=1,
22 + 14z — 15 =0, KOPHH KOTOPOTO: [z —_15

[ (x+3)(x+1)

3. BepHeMcs k mepeMeHHOH X: (x=1)x =3) =1,
- oeP P | G+ .
D=
(x+3)(x+1) —1.

Pemnm ypaBHeHHe =1 x=3)

x%+4x+3 =x2—4x+3,
(x—1Dx-3)#0

(x+3)(x+1)
(x—1)(x—-3)

(x+3)(x+1)
(x—1)(x—-3)

=1 &

PeuiumMm ypaBHeHME =—15:

(x+3)(c+1) _ ¢ x*+4x+3 = —15x% + 60x — 45,
(x—-1)(x-3) (x—1D(x—-3)#0

[2x2—7x+6=0, X =
X

3
za
(x—1)(x—-3) #0 5

Omeem: O, 5 2.

4x?
(x + 2)2
Peimienue. JleBas 4yacTh YpaBHEHHA NPEeACTaBIsAeT cob0l CyMMy KBaJ-

IIpumep 4. Pemurte ypaBHeHHe x2 + =5.

2
paToB YHCEN X U —— Honp06yeM JNOIOJIHUTDL 3Ty CYMMY A0 KBaApara
Pa3HOCTH, BBIYTA PI3 Hee u Ao6aBUB K Hei (YTOOBI Bblpa)KeHPIe He u3Me-
HIWIOCh) YABOEHHOE NPOM3BeJCHHE THUX YHCe 2X - ~ + 2 [Momyyum

2x 4x? 2x

2— . — —
XT=2x 0 (x+2)2+2x x+2 =
Hanee, ( ) + 2x ——5 OTKyZAa
x2+2x—2x x:
( x+2 ) +4.x+2 =9,




[image: image7.png]H, cIel0BaTeJIbHO,

( X )2+4-"—2—5=o.

x+2 x+2
2
o X
Tennepp MOXXHO cZeslaTh 3aMeHy MepeMeHHOM. [lycTb x+2 =t To-
2
ria t>+ 4t —5=0, otkyaa t =1 smbo t =5. Ecu t =1, TO xﬁ_z =1,
U x> —x —2=0. KopHaMu nocjiegHero ypaBHeHMs ABIAIOTCA x = —1

2

ux=2 Eoum t=-5, To —5, u x% + 5x + 10 = 0. INomy4yeHHOe

x —
x+2
ypaBHEHHE He UMeeT KOPHEH B CWIY OTPHUIATeIbHOCTH AUCKPUMHHAHTA.

Omeem: —1; 2.

3. [IppumeHeHHe CBONCTB QYHKIUH
PaccMOTpHUM NMpUMEpPHl MPUMEHEHHUS CBOMCTB QYHKIIHHA K pelIeHHIO
ApoOHO-pallMOHANbHBIX YPaBHEHUH.

IIpumep 1. PemmuTe ypaBHeHHE X’ + 2x = %

Pemenre. Ha kaXaoMm U3 MpoMexXyTKoB (—«; 0) u (0; +) dyHKuMA
f(x) =x7 + 2x Bo3pacTaeT (kak cyMMa Bo3pacTaroIux GyHKIUM), a yHK-
uua g(x) = % y6bpiBaeT. 3HA4YMT, HA KOXAOM U3 3TUX IIPOMEXYTKOB ypaB-
HeHHe f (x) = g(x) umeert He 6osee ogHoro kopHs. [Tockonbky f (1) =g(1),
nojsy4yaeM, 4To X = 1 — eJMHCTBEHHBIA KOpPEHDb Ha MpoMexyTke (0; +).
[Tockonbky f(—1) =g(—1), nomy4yaem, 4yTo X = —1 — e JUHCTBEHHBIN KO-
peHb Ha IpoMeXyTke (—o; 0).

Omeem: —1; 1.

IIpuMmep 2. Pemnre ypaBHeHUe

1 e 2 3 3
(x2-2x)2+1 (x—2)2+2  (x2—-3x+2)2+3

3.

PemenHe. U3 HepaBeHCTB (x2 —2x)2+121, (x—2)2+2>2wu (x* -
—3x +2)% + 3 > 3 creayeT, 4To KaKAasA U3 Tpex Apobeil JeBOi YacTH He
6osbiiie 1. [ToaToMy HX CyMMa paBHATbCA 3 MOXeET TOJIBKO B cJIy4ae, Koraa
KaXXJas U3 HUX paBHa 1, T. e. ecyiu

(x?-2x)%+1=1,
(x—2)%*+2=2,
(x2—3x+2)*+3=3.




[image: image8.png]EAMHCTBEHHBIM KOPHEM BTOPOI'O YPaBHEHHMA CHUCTEMBI ABIAETCA X = 2.
OTO YHCJIO, KaK JIETKO IIPOBEPHUTD, SABJISETCSA KOPHEM IIEPBOTO H TPETHETO
YPaBHEHHUSA CUCTEMBI.

Omeem: 2.
IIpumep 3. Haiiaure xopHM ypaBHeHHA f(x) =2, et x #0 u

3f(x)+f(%) = 8x.

Pemenne. 3aMeHHB X Ha % B paBeHcTBe 3f(x) + f (%) = 8x, Imo-
ayuuM 3 f (%) + f(x) = g YMHOXHMB 06e 4acTH AAHHOI'O paBeHCTBA
3f(x)+ f (ch) = 8x Ha 4YUCI0 3 M BBIYTA U3 IOJYYEHHOIO paBE€HCTBa
IIOWIEHHO paBeHCTBO 3f (%) + f(x) = %, HaxoauM: 8f(x) = 24x — %,

oTkyAa f(x)=3x— % Tenepp ocTasoch peuiuTb ypaBHEeHUe 3x — ch =2,
OTKyZAa 3x2-2x-1=0. KopHAMM nociiefHero ypaBHEHUA SABJIAIOTCA

1
1815 () 2] x=—§ ux=1.

Omeem: —%; 1.




